Balanced sampling plans excluding contiguous units (BSEC) were first introduced in 1988 by Hedayat, Rao and Stufken [A.S. Hedayat, C.R. Rao, J. Stufken, Sampling plans excluding contiguous units, J. Statist. Plann. Inference 19 (1988) 159-170]. These designs can be used for survey sampling when the contiguous units provide similar information. In this paper, we show some recursive constructions for two dimensional BSECs with block size four, and give the existence of some infinite classes.
Introduction
Balanced sampling plans excluding contiguous units were first introduced in 1988 by Hedayat, Rao and Stufken [12] . These designs can be used for survey sampling when the units are arranged in a one-dimensional or twodimensional ordering and the contiguous units in this ordering provide similar information, such as estimates of population characteristics. It was proved in [12] that such design gives a considerable reduction in the variance of the Horvitz-Thompson estimator (see [13] ) of the population comparing to simple random sampling. The properties and constructions of these objects were discussed in several papers (e.g., [6, [8] [9] [10] [11] [12] 14] ). Now we introduce the conceptions of balanced sampling plans excluding contiguous units (BSEC) which have two cases of one dimension and two dimensions.
Let X = {0, 1, . . . , v − 1}, if C(X) = (x 0 , x 1 , . . . , x v−1 ) is a cyclic ordering of X, then x i and x i+1 are said to be contiguous points for 0 i v − 2, as are x 0 and x v−1 . Definition 1.1. A one-dimensional k-sized balanced sampling plan excluding contiguous units is a pair (X, B), where X is a set of v points that has a cyclic ordering C(X), and B is a collection of k-subsets of X called blocks such that any two contiguous points do not appear together in any block while any two noncontiguous points appear together in exactly blocks. This design is denoted by 1-BSEC(v, k, ). ଁ Research supported by the NSFC Grants 10271039 and 10571043.
E-mail address: leijg1964@yahoo.com.cn (J. Lei). 1-BSECs have been studied by many researchers, see e.g. [8, 9, 11, 12, 14] . We record the following results of [8, 9] which give a complete solution for the existence of 1-BSECs with block sizes 3 and 4. Lemma 1.2 (Colbourn and Ling [8] ). A 1-BSEC(v, 3, ) exists if and only if v 9 and v(v − 3) ≡ 0 (mod 6). Lemma 1.3 (Colbourn and Ling [9] ). A 1-BSEC (v, 4, ) exists if and only if v 12 and v(v − 3) ≡ 0 (mod 12), except for v = 12 and = 1.
The idea of two dimensional BSECs was suggested in [11] where the following example was described. Small neighboring plots at a dump site for chemical waste tend to give similar information about chemical compound. The location induces a two dimensional ordering of the units. We use the definition in [6] .
Here two dimensional means that the set of points, say Z n × Z m , is arranged in two dimensions, and the points (x − 1, y), (x + 1, y), (x, y − 1), and (x, y + 1) (reducing the sums mod n and m in the first and second coordinates, respectively) are said to be 2-contiguous to the point (x, y). In Fig. 1 , the points labeled C form 2-contiguous points of B. If we allow n or m to be 2, then points will not have four 2-contiguous points, and such design has little significance in applications, so we assume that n, m > 2 in this paper. Definition 1.4. A 2-BSEC(n, m, k, ) is a pair (X, B), where X = Z n × Z m and B is a collection of k-subsets of X called blocks such that any two 2-contiguous points do not appear together in any block while any two points that are not 2-contiguous appear together in exactly blocks.
It will cause no confusion if we refer to 2-contiguous points as being simply contiguous points. It is easy to see that a 2-BSEC(m, n, k, ) exists if and only if a 2-BSEC(n, m, k, ) exists.
The existence problem of 2-BSECs was completely solved for the case = 1 and k = 3 in [6] . However the existence problem for 2-BSEC(m, n, 4, ) is far from complete. Lemma 1.5 (Ge et al. [10] ). There exist 2-BSEC(m, n, 4, 3) for m, n 12 and m, n ≡ 0, 3 (mod 4), and 2-BSEC (m, n, 4, 6) for m, n 12.
Although there are some known constructions of 2-BSECs (see [6] ), these constructions are not applicable to other cases of 2-BSECs with block size four. The main purpose of this paper is to consider constructions for two dimensional balanced sampling plans excluding contiguous units. By applying these constructions, we obtain the existence of some infinite classes of such plans with block size four. First we will provide the necessary conditions as follows. Lemma 1.6. The necessary conditions for the existence of a 2-BSEC(m, n, k, ) are that m, n > 2, (mn − 5) ≡ 0 (mod k − 1), mn(mn − 5) ≡ 0 (mod k(k − 1)).
It is easy to see that if there exist both a 2-BSEC(m, n, k, 1 ) and a 2-BSEC(m, n, k, 2 ), then a 2-BSEC(m, n, k, 1 + 2 ) exists. Thus, we only need to consider the following conditions for 2-BSECs with block size four: = 1, mn ≡ 5, 8 (mod 12), = 2, mn ≡ 2 (mod 3), = 3, mn ≡ 0, 1 (mod 4), = 6, ∀mn.
(1)
Preliminaries
In this section, we give some definitions and notations as well as preliminary results which will be used in the sequel. A group divisible design (GDD) is a triple (X, G, B) where X is a set of points, G is a partition of X into groups, and B is a collection of subsets of X called blocks such that any pair of distinct points from X occurs either in same group or in exactly blocks, but not both. A (K, )-GDD of type g u 1 1 g u 2 2 . . . g u s s is a GDD in which every block has size from the set K and in which there are u i groups of size g i , i = 1, 2, . . . , s.
Group divisible designs have been studied for many years by numerous researchers. The spectrum for ({4}, )-GDDs of type g u has been determined (see [5] ). Lemma 2.1. A ({4}, )-GDD of type g u exists if and only if u 4, g(u−1) ≡ 0 (mod 3) and g 2 u(u−1) ≡ 0 (mod 12), except when = 1 and (g, u) = (2, 4) or (6, 4) .
A modified group divisible design (MGDD) is a pair (X, B) where X is a set of mn points, denoted as (x i , y j ), 0 i m − 1, 0 j n − 1, and B is a collection of subsets of X (called blocks) satisfying the following conditions:
(1) |B| ∈ K (a set of positive integers) for every block B ∈ B;
(2) every pair of points (x i 1 , y j 1 ) and (x i 2 , y j 2 ) of X is contained in exactly blocks, where i 1 = i 2 and j 1 = j 2 ;
(3) the pair of points (x i 1 , y j 1 ) and (x i 2 , y j 2 ) with i 1 = i 2 or j 1 = j 2 is not contained in any block.
Then we denote it by MGDD [K, , m, mn] . The subsets G j = {(x i , y j )|0 i m − 1}, where 0 j n − 1 are called groups and the subsets H i = {(x i , y j )|0 j n − 1}, where 0 i m − 1 are called rows. We shall employ the following existence result for K = {4} (see [4, 10] ). [4] , Ge et al. [10] ). An MGDD [4, , m, mn] exists if and only if m, n 4, and (n − 1)(m − 1) ≡ 0 (mod 3), except when = 1 and {m, n} = {6, 4}.
Lemma 2.2 (Assaf and Wei
An incomplete group divisible design (IGDD) is a quadruple (X, Y, G, B) where X is a set of points, Y is a subset of X (called the hole), G is a partition of X into groups, and B is a collection of subsets of X (called blocks) such that (1) for each block B ∈ B, |B ∩ Y | 1, and (2) any pair of points from X which are not both in Y occurs either in same group or in exactly blocks, but not both.
(v s , h s ) u s is an IGDD in which every block has size from the set K and in which there are u i groups of size v i , each of which intersects the hole in h i points, i = 1, 2, . . . , s. We will use the following results of IGDDs (see, e.g. [1, 2, 15] ). In the next section, we will give some recursive constructions for two dimensional BSECs with block size four. The idea is to apply Wilson weighted method to the constructions of 2-BSECs. The key of the constructions is how to delete the pairs of contiguous points appearing in the constructed designs.
Constructions of 2-BSECs with block size four
In this section, we will give some new constructions of two dimensional BSECs with block size four. Theorem 3.1. Let m, n, k, 1 , 2 be positive integers, m > 2, n 4, and n = 6 when 2 = 1. Suppose that there exist a ({4}, 1 )-GDD of type 2 k and a ({4}, 1 )-IGDD of type (m, 2) k . If there exists a 2-BSEC(m, n, 4, 1 2 ), then there exists a 2-BSEC(km, n, 4, 1 2 ).
. , x mj } : 1 j k}. We construct a ({4}, 1 )-GDD of type 2 k on the set Y, such that {x ij : 1 i 2}, 1 j k are groups, and denote its block family by B 2 . Then we obtain a ({4}, 1 )-GDD of type m k , (X, G, B 1 ∪ B 2 ).
We will construct a 2-BSEC(km, n, 4, ) on the set X = X × {1, 2, . . . , n} as follows: (2) For each j, 1 j k, on the set X G j = G j × {1, 2, . . . , n}, we construct a 2-BSEC(m, n, 4, 1 2 ), which is denoted by (X G j , A j ), such that the contiguous points of
(3) For each s, 1 s n, we construct a ({4},
where the number of blocks is
Its contiguous points are ((x ij , 1), (x ij , 2), . . . , (x ij , n)), 1 i m, 1 j k and those shown in Fig. 2 for' 1 s n. 
We will construct a 2-BSEC(4m, n, 4, 1) on the set X = X × {1, 2, . . . , m} as follows:
(2) For each i, 1 i 4, on the set X H i = H i ×{1, 2, . . . , m}, we construct a 2-BSEC(m, n, 4, 1), which is denoted by
(3) For each j, 1 j n. According to Lemma 2.3, for m 12, there exists a ({4},
(4) For each j, 1 j n, we place the following block set on hole Y j . Form a block set
Its contiguous points are ((x i1 , t), (x i2 , t), . . . , (x in , t)), 1 t m, 1 i 4 and those shown in Fig. 3 for 1 j n.
Theorem 3.5. Let n 4, and n = 6 when = 1. If there exists a 2-BSEC(4, n, 4, ), then a 2-BSEC(16, n, 4, ) exists. 
Let C j = f j (C), 1 j n, where f j (C) is a multiset with copies of the 16 blocks of f j (C).
where its contiguous points are ((x i1 , t), (x i2 , t), . . . , (x in , t)), 1 t 4, 1 i 4 and those shown in Fig. 3 with m = 4 for 1 j n.
Applying Theorems 3.4, 3.5 and Corollary 3.2, we have the following result.
Theorem 3.6. Let m ≡ 8 (mod 24), and n = 4 or n ≡ 16 (mod 48). Then there exist 2-BSEC(m, n, 4, 1).
Proof. Let m=24t +8=8(3t +1). We know that a 2-BSEC(8, 4, 4, 1) and a 2-BSEC(32, 4, 4, 1) exist by the Appendix. According to Corollary 3.2, there exists 2-BSEC(8(3t +1), 4, 4, 1) when t > 1. Therefore there exist 2-BSEC(m, 4, 4, 1) where m ≡ 8 (mod 24). Applying Theorem 3.5, we can obtain 2-BSEC(m, 16, 4, 1). Let n = 48t + 16 = 16(3t + 1). By Theorem 3.4 and Corollary 3.2, there exist 2-BSEC(m, n, 4, 1) where m ≡ 8 (mod 24) and n ≡ 16 (mod 48).
Next, we give some general constructions of 2-BSECs with block size k, where k is a positive integer. Proof. There exists an MGDD[K, 1, t, tn] denoted as (X, B) , where X = {x ij : 1 i t, 1 j n}. G j = {x 1j , x 2j , . . . , x tj }, 1 j n are groups, H i = {x i1 , x i2 , . . . , x in }, 1 i t are rows. We will construct a 2-BSEC((t − 1)m + x, n, k , ) on set
General constructions of 2-BSECs
is the set of groups. Denote its block family by A B . If there exists one a i ∈ H t , say a k ∈ H t , then we employ
. . , x}} is the set of groups. Denote its block family by A B .
(2) For each i, 1 i t − 1, we construct 2-BSEC(m, n, k , ) on set X i = H i × {1, 2, . . . , m}, which is denoted by (X i , A i ), such that the contiguous points of X i are ((x ij , 1), (x ij , 2), . . . , (x ij , m)), 1 j n,
(3) We employ a 2-BSEC(x, n, k , ) on set X t = H t × {1, 2, . . . , x}, which is denoted by (X t , A t ), such that the contiguous points of X t are ((x tj , 1), (x tj , 2), . . . , (x tj , x)), 1 j n, ((x t1 , h), (x t2 , h), . . . , (x tn , h)), 1 h x. 
. , x tj } × {1, 2, 3}. Denote its blocks family by A j .
(5) For each j, 1 j n, we construct a 1-BSEC(3t, k , ) on set Y j = {x 1j , x 2j , . . . , x tj } × {1, 2, 3}, such that its contiguous points are as Fig. 4 . We denote its block family as C j . Set We will construct a 2-BSEC(v, n, k , 1 2 ) on set X = X × {1, 2, . . . , n} as follows: (2) For each group G ∈ G, let m h = |G|. We construct a 2-BSEC(m h , n, k , 1 2 ) on set X G = G × {1, 2, . . . , n}, which is denoted by (X G , A G ), such that the contiguous points of X G are
(3) For each s, 1 s n, there exists a ({k }, 1 2 It is easy to see that Theorem 3.1 is a corollary of Theorem 4.2. Using Theorem 4.2, we will obtain a recursive construction of 2-BSECs with block size four and = 3. 
Appendix
We will give some direct constructions of 2-BSEC(m, 4, 4, ) on set X = Z m × Z 4 . The contiguous points are ((i, 1), (i, 2), (i, 3), (i, 4)), 1 i m, ((1, j ) , (2, j) , . . . , (m, j )), 1 j 4. We provide their base blocks as follows. The other blocks are obtained by developing these base blocks (mod m, −)(− denote that the coordinate in such position keeps invariable). For convenience, we denote (x, y) by x y . (1) = 1:
Remark
{0 0 , 2 0 , 5 0 , 4 1 }(−, +1 mod 4) {0 0 , 6 0 , 7 1 , 4 2 }(−, +1 mod 4) {0 0 , 7 0 , 0 2 , 7 2 }, {0 0 , 4 0 , 10 1 , 5 2 }(−, +1 mod 4) {0 0 , 3 1 , 8 2 , 6 3 }(−, +1 mod 4) {0 1 , 7 1 , 0 3 , 7 3 }. m = 17:
{0 0 , 4 0 , 14 1 , 9 2 }(−, +1 mod 4) {0 0 , 6 0 , 5 1 , 7 2 }(−, +1 mod 4)
{0 0 , 8 0 , 15 1 , 2 2 }(−, +1 mod 4), {0 0 , 2 0 , 5 0 , 11 1 }(−, +2 mod 4) {0 1 , 3 1 , 5 1 , 11 2 }(−, +2 mod 4). m = 20:
{0 0 , 2 0 , 1 1 , 5 1 }(−, +1 mod 4) {0 0 , 9 0 , 13 1 , 12 3 }(−, +1 mod 4) {0 0 , 7 0 , 18 2 , 4 2 }, {0 0 , 3 0 , 9 1 , 14 1 }(−, +1 mod 4)
{0 0 , 2 1 , 12 2 , 8 3 }(−, +1 mod 4) {0 1 , 7 1 , 18 3 , 4 3 }, {0 0 , 8 0 , 15 1 , 13 2 }(−, +1 mod 4) {0 0 , 6 0 , 2 2 , 9 2 } { 0 1 , 6 1 , 2 3 , 9 3 }, {0 0 , 10 0 , 0 2 , 10 2 } { 0 1 , 10 1 , 0 3 , 10 3 }. m = 26: {0 0 , 2 0 , 5 0 , 1 1 }(−, +1 mod 4) {0 0 , 9 0 , 19 1 , 7 2 }(−, +1 mod 4) {0 0 , 13 0 , 0 2 , 13 2 }, {0 0 , 4 0 , 10 0 , 2 1 }(−, +1 mod 4) {0 0 , 8 1 , 20 2 , 11 3 }(−, +1 mod 4) {0 1 , 13 1 , 0 3 , 13 3 }, {0 0 , 7 0 , 4 1 , 11 2 }(−, +1 mod 4) {0 0 , 12 0 , 6 1 , 17 2 }(−, +1 mod 4), {0 0 , 8 0 , 3 1 , 16 2 }(−, +1 mod 4) {0 0 , 11 0 , 16 1 , 25 2 }(−, +1 mod 4). m = 29:
{0 0 , 4 0 , 2 1 , 5 2 }(−, +1 mod 4) {0 0 , 8 0 , 17 1 , 11 2 }(−, +1 mod 4) {0 0 , 14 1 , 0 2 , 14 3 }, {0 0 , 9 0 , 22 1 , 13 2 }(−, +1 mod 4) {0 0 , 10 0 , 16 1 , 20 2 }(−, +1 mod 4), {0 0 , 11 0 , 18 1 , 23 2 }(−, +1 mod 4) {0 0 , 12 0 , 24 1 , 14 2 }(−, +1 mod 4), {0 0 , 14 0 , 11 1 , 21 2 }(−, +1 mod 4) {0 0 , 2 0 , 5 0 , 1 1 }(−, +1 mod 4), {0 0 , 6 0 , 13 0 , 21 1 }(−, +2 mod 4) {0 1 , 7 1 , 13 1 , 21 2 }(−, +2 mod 4). m = 32:
{0 0 , 16 0 , 0 2 , 16 2 } {0 0 , 10 0 , 12 2 , 23 2 } {0 0 , 11 0 , 20 2 , 30 2 } {0 0 , 12 0 , 5 2 , 18 2 },
{0 0 , 4 1 , 21 2 , 8 3 }(−, +1 mod 4), {0 0 , 14 0 , 23 1 , 31 2 }(−, +1 mod 4) {0 0 , 15 0 , 11 1 , 3 3 }(−, +1 mod 4).
(2) = 3:
{0 0 , 2 0 , 4 0 , 1 1 }(−, +1 mod 4) {0 0 , 3 0 , 1 1 , 6 2 }(−, +1 mod 4) 3{0 0 , 5 0 , 0 2 , 5 2 }, {0 0 , 2 0 , 1 1 , 3 2 }(−, +1 mod 4) {0 0 , 3 0 , 5 1 , 9 2 }(−, +1 mod 4) 3{0 1 , 5 1 , 0 3 , 5 3 }, {0 0 , 3 0 , 6 1 , 2 2 }(−, +1 mod 4) {0 0 , 4 0 , 3 1 , 7 3 }(−, +1 mod 4), {0 0 , 4 0 , 8 1 , 6 3 }(−, +1 mod 4) {0 0 , 2 1 , 7 2 , 4 3 }(−, +1 mod 4). m = 12: {0 0 , 2 0 , 4 0 , 1 1 }(−, +1 mod 4) {0 0 , 3 0 , 1 1 , 4 2 }(−, +1 mod 4) 3{0 0 , 6 0 , 0 2 , 6 2 }, {0 0 , 2 0 , 5 0 , 1 1 }(−, +1 mod 4) {0 0 , 3 0 , 2 1 , 7 2 }(−, +1 mod 4) 3{0 1 , 6 1 , 0 3 , 6 3 }, {0 0 , 4 0 , 2 1 , 7 2 }(−, +1 mod 4) {0 0 , 5 0 , 8 1 , 3 2 }(−, +1 mod 4), {0 0 , 4 0 , 7 1 , 1 2 }(−, +1 mod 4) {0 0 , 5 0 , 2 1 , 7 3 }(−, +1 mod 4), {0 0 , 4 1 , 1 2 , 8 3 }(−, +1 mod 4) {0 0 , 4 1 , 10 2 , 6 3 }(−, +1 mod 4). m = 13:
{0 0 , 2 0 , 5 0 , 9 1 }(−, +2 mod 4) {0 0 , 2 0 , 5 0 , 9 1 }(−, +2 mod 4) 3{0 0 , 6 1 , 0 2 , 6 3 }, {0 1 , 3 1 , 5 1 , 9 2 }(−, +2 mod 4)
{0 1 , 5 1 , 7 2 , 6 0 }(−, +2 mod 4), {0 0 , 7 0 , 10 1 , 12 3 }(−, +2 mod 4) {0 1 , 5 1 , 9 2 , 12 0 }(−, +2 mod 4), {0 1 , 5 1 , 14 2 , 11 0 }(−, +2 mod 4) {0 0 , 7 0 , 6 1 , 13 2 }(−, +2 mod 4), {0 1 , 7 1 , 5 2 , 11 0 }(−, +2 mod 4) {0 1 , 7 1 , 4 2 , 9 3 }(−, +2 mod 4). m = 18: {0 0 , 2 0 , 6 0 , 8 1 }(−, +1 mod 4) {0 0 , 5 0 , 14 1 , 11 2 }(−, +1 mod 4) 3{0 0 , 9 0 , 0 2 , 9 2 }, {0 0 , 2 0 , 6 0 , 8 1 }(−, +1 mod 4)
{0 0 , 7 0 , 3 1 , 13 2 }(−, +1 mod 4) 3{0 1 , 9 1 , 0 3 , 9 3 }, {0 0 , 2 0 , 6 0 , 8 1 }(−, +1 mod 4)
{0 0 , 7 0 , 14 1 , 11 2 }(−, +1 mod 4), {0 0 , 3 0 , 1 1 , 2 2 }(−, +1 mod 4)
{0 0 , 7 0 , 17 1 , 12 2 }(−, +1 mod 4), {0 0 , 3 0 , 1 1 , 4 2 }(−, +1 mod 4)
{0 0 , 8 0 , 12 1 , 5 2 }(−, +1 mod 4), {0 0 , 3 0 , 7 1 , {0 0 , 3 0 , 6 1 , 1 2 }(−, +1 mod 4), {0 0 , 3 0 , 7 1 , 11 2 }(−, +1 mod 4)
{0 0 , 5 0 , 9 1 , 14 2 }(−, +1 mod 4), {0 0 , 5 0 , 12 1 , 18 2 }(−, +1 mod 4) {0 0 , 6 0 , 14 1 , 7 2 }(−, +1 mod 4), {0 0 , 6 0 , 18 1 , 11 2 }(−, +1 mod 4) {0 0 , 10 0 , 15 1 , 7 2 }(−, +1 mod 4), {0 0 , 6 0 , 18 1 , 12 2 }(−, +1 mod 4) {0 0 , 7 0 , 13 1 , 1 2 }(−, +1 mod 4), {0 0 , 7 0 , 15 1 , 11 2 }(−, +1 mod 4) {0 0 , 7 0 , 16 1 , 12 2 }(−, +1 mod 4), {0 0 , 10 0 , 5 1 , 18 2 }(−, +1 mod 4) {0 0 , 10 0 , 7 1 , 15 2 }(−, +1 mod 4). m = 22:
{0 0 , 2 0 , 6 0 , 9 1 }(−, +1 mod 4) {0 0 , 7 0 , 17 1 , 14 2 }(−, +1 mod 4) 3{0 0 , 11 0 , 0 2 , 11 2 }, {0 0 , 2 0 , 6 0 , 9 1 }(−, +1 mod 4)
{0 0 , 7 0 , 19 1 , 14 2 }(−, +1 mod 4) 3{0 1 , 11 1 , 0 3 , 11 3 }, {0 0 , 2 0 , 6 0 , 9 1 }(−, +1 mod 4)
{0 0 , 8 0 , 14 1 , 5 2 }(−, +1 mod 4), {0 0 , 9 0 , 19 0 , 21 1 }(−, +1 mod 4) {0 0 , 8 0 , 14 1 , 18 2 }(−, +1 mod 4), {0 0 , 3 0 , 1 1 , 5 2 }(−, +1 mod 4)
{0 0 , 8 0 , 16 1 , 12 2 }(−, +1 mod 4), {0 0 , 3 0 , 2 1 , 1 2 }(−, +1 mod 4)
{0 0 , 9 0 , 5 1 , 15 2 }(−, +1 mod 4), {0 0 , 5 0 , 2 1 , 6 2 }(−, +1 mod 4)
{0 0 , 9 0 , 15 1 , 6 2 }(−, +1 mod 4), {0 0 , 5 0 , 10 1 , 1 2 }(−, +1 mod 4) {0 0 , 10 0 , 11 1 , 2 3 }(−, +1 mod 4), {0 0 , 5 0 , 16 1 , 8 2 }(−, +1 mod 4)
{0 0 , 10 0 , 11 1 , 2 3 }(−, +1 mod 4), {0 0 , 7 0 , 12 1 , 5 2 }(−, +1 mod 4) {0 0 , 15 1 , 9 2 , 5 3 }(−, +1 mod 4). m = 23:
{0 0 , 9 0 , 19 0 , 21 1 }(−, +1 mod 4) {0 0 , 2 0 , 5 1 , 9 3 }(−, +1 mod 4) 3{0 0 , 11 1 , 0 2 , 11 3 }, {0 0 , 9 0 , 19 0 , 21 1 }(−, +1 mod 4) {0 0 , 2 0 , 5 1 , 9 3 }(−, +1 mod 4), {0 0 , 9 0 , 19 0 , 21 1 }(−, +1 mod 4) {0 0 , 2 0 , 5 1 , 9 3 }(−, +1 mod 4), {0 0 , 3 0 , 11 0 , 12 2 }(−, +1 mod 4) {0 0 , 3 0 , 11 0 , 12 2 }(−, +1 mod 4), {0 0 , 5 0 , 15 1 , 10 3 }(−, +1 mod 4) {0 0 , 6 0 , 19 1 , 13 2 }(−, +1 mod 4), {0 0 , 5 0 , 15 1 , 10 3 }(−, +1 mod 4) {0 0 , 7 0 , 4 1 , 10 2 }(−, +1 mod 4), {0 0 , 3 0 , 9 1 , 5 2 }(−, +1 mod 4)
{0 0 , 7 0 , 6 1 , 13 2 }(−, +1 mod 4), {0 0 , 5 0 , 4 1 , 21 2 }(−, +1 mod 4)
{0 0 , 7 0 , 15 1 , 22 2 }(−, +1 mod 4), {0 0 , 6 0 , 1 1 , 21 2 }(−, +1 mod 4)
{0 0 , 8 0 , 17 1 , 16 2 }(−, +1 mod 4), {0 0 , 6 0 , 7 1 , 3 2 }(−, +1 mod 4)
{0 0 , 11 0 , 8 1 , 17 2 }(−, +1 mod 4), {0 0 , 4 1 , 14 2 , 15 3 }(−, +1 mod 4). m = 25:
{0 0 , 3 0 , 12 0 , 4 1 }(−, +1 mod 4) {0 0 , 2 0 , 5 1 , 4 2 }(−, +1 mod 4) 3{0 0 , 12 1 , 0 2 , 12 3 }, {0 0 , 3 0 , 12 0 , 4 1 }(−, +1 mod 4) {0 0 , 3 0 , 8 1 , 5 2 }(−, +1 mod 4), {0 0 , 2 0 , 5 1 , 1 2 }(−, +1 mod 4)
{0 0 , 5 0 , 16 1 , 2 2 }(−, +1 mod 4), {0 0 , 2 0 , 6 1 , 3 2 }(−, +1 mod 4)
{0 0 , 5 0 , 14 1 , 8 2 }(−, +1 mod 4), {0 0 , 7 0 , 16 1 , 13 2 }(−, +1 mod 4)
{0 0 , 7 0 , 8 1 , 15 2 }(−, +1 mod 4), {0 0 , 8 0 , 15 1 , 14 2 }(−, +1 mod 4)
{0 0 , 8 0 , 18 1 , 14 2 }(−, +1 mod 4), {0 0 , 9 0 , 19 1 , 14 2 }(−, +1 mod 4)
{0 0 , 12 0 , 6 1 , 20 2 }(−, +1 mod 4), {0 0 , 5 0 , 16 1 , 9 2 }(−, +1 mod 4)
{0 0 , 6 0 , 21 1 , 13 2 }(−, +1 mod 4), {0 0 , 6 0 , 15 1 , 10 2 }(−, +1 mod 4)
{0 0 , 7 0 , 10 1 , 16 2 }(−, +1 mod 4), {0 0 , 6 0 , 20 1 , 13 2 }(−, +1 mod 4)
{0 0 , 8 0 , 7 1 , 15 2 }(−, +1 mod 4), {0 0 , 10 0 , 21 0 , 23 1 }(−, +2 mod 4) {0 1 , 11 1 , 21 1 , 23 2 }(−, +2 mod 4), {0 0 , 10 0 , 21 0 , 23 1 }(−, +2 mod 4) {0 1 , 11 1 , 21 1 , 23 2 }(−, +2 mod 4), {0 0 , 10 0 , 21 0 , 23 1 }(−, +2 mod 4) {0 1 , 11 1 , 21 1 , 23 2 }(−, +2 mod 4).
